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a b s t r a c t
A generalization of two sharp inequalities of Simpson type and Ostrowski type in two
independent variables is established.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Numerical integration in two or more dimensions is still a much less developed area than its one-dimensional
counterpart,which has beenworked on intensively. In the last ten years,wehave seen in [1–5] that two-dimensional integral
inequalities that have been developed for those error bounds were expressed in terms Lebesgue norms of the integrand
partial derivatives. Motivated by [6], in a recent paper [7], Z. Lü has proved the following two interesting sharp inequalities
of Simpson type and Ostrowski type in two variables via a new sharp bound:
Theorem 1. Let f : [a, c] × [b, d] → R be an absolutely continuous function, whose partial derivative of order 2 is f ′′st ∈
L2[(a, c)× (b, d)]. Then∣∣∣∣∣ f (a, b+d2 )+ f ( a+c2 , b)+ f ( a+c2 , d)+ f (c, b+d2 )+ 4f ( a+c2 , b+d2 )9 + f (a, b)+ f (a, d)+ f (c, b)+ f (c, d)36
−
∫ c
a [f (s, b)+ 4f
(
s, b+d2
)+ f (s, d)]ds
6(c − a) −
∫ d
b [f (a, t)+ 4f
( a+c
2 , t





b f (s, t) ds dt
(c − a)(d− b)
∣∣∣∣∣





σ(f ′′st ), (1)
where σ(f ′′st ) is defined by
σ(f ′′st ) = ‖f ′′st‖22 −
1





f ′′st (s, t) ds dt
)2
(2)




b [f ′′st (s, t)]2 ds dt}
1
2 . Inequality (1) is sharp in the sense that the constant 136 cannot be replaced by a smaller
one.
E-mail address: lewzheng@163.net.
0898-1221/$ – see front matter© 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2010.01.051
2810 Z. Liu / Computers and Mathematics with Applications 59 (2010) 2809–2814









f (s, y) ds− (c − a)
∫ d
b





f (s, t) ds dt
∣∣∣∣





σ(f ′′st ), (3)




12 cannot be replaced by a smaller one.
Following [8], in thiswork, wewill derive a new sharp inequalitywith a parameter for the absolutely continuous function
f : [a, c] × [b, d] → R whose partial derivative of order 2 is f ′′st ∈ L2[(a, c) × (b, d)] via the new sharp bound (2), which
will not only provide a generalization of inequalities (1) and (3), but also gives some other interesting sharp inequalities as
special cases.
2. The results



















[θ f (s, b)+ 2(1− θ)f (s, y)+ θ f (s, d)]ds





















+ (1− θ)(1− 3θ + 3θ
2)
12












+ (1− 3θ + 3θ
2)2
144
(c − a)3(d− b)3
} 1
2 √
σ(f ′′st ), (4)
where σ(f ′′st ) is defined by (2). The inequality (4) is sharp in the sense that the coefficient constant 1 of the right-hand side cannot
be replaced by a smaller one.











b+ θ d− b
2
)]
, for a ≤ s ≤ x, b ≤ t ≤ y,[
s−
(





d− θ d− b
2
)]
, for a ≤ s ≤ x, y < t ≤ d,[
s−
(





b+ θ d− b
2
)]
, for x < s ≤ c, b ≤ t ≤ y,[
s−
(





d− θ d− b
2
)]
, for x < s ≤ c, y < t ≤ d.
(5)
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b+ θ d− b
2
)]














d− θ d− b
2
)]














b+ θ d− b
2
)]














d− θ d− b
2
)]
f ′′(s, t) ds dt.




K(s, t)f ′′st (s, t) ds dt = (c − a)(d− b)
{
(1− θ)2f (x, y)+ θ(1− θ)
2










[θ f (s, b)+ 2(1− θ)f (s, y)+ θ f (s, d)]ds









f (s, t) ds dt. (6)

















f ′′st (s, t) ds dt = f (c, d)− f (a, d)− f (c, b)+ f (a, b). (8)









b K(s, t) ds dt
(c − a)(d− b)
][






st (s, t) ds dt
(c − a)(d− b)
]
ds dt
= (c − a)(d− b)
{
(1− θ)2f (x, y)+ θ(1− θ)
2



















[θ f (s, b)+ 2(1− θ)f (s, y)+ θ f (s, d)]ds









f (s, t) ds dt. (9)
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b K(s, t) ds dt
(c − a)(d− b)
][






st (s, t) ds dt















b K(s, t) ds dt


















st (s, t) ds dt









b K(s, t) ds dt
(c − a)(d− b)
∥∥∥∥∥
2






st (s, t) ds dt








b K(s, t) ds dt












+ (1− θ)(1− 3θ + 3θ
2)
12












+ (1− 3θ + 3θ
2)2
144
(c − a)3(d− b)3 (11)






st (s, t) ds dt
















st (s, t) ds dt









f ′′st (s, t)
]2 ds dt − (∫ ca ∫ db f ′′st (s, t) ds dt)2
(c − a)(d− b)







st (s, t) ds dt)
2
(c − a)(d− b) . (12)
From (9) to (12), we can easily get (4).



















[θ f (s, b)+ 2(1− θ)f (s, y)+ θ f (s, d)]ds





















+ (1− θ)(1− 3θ + 3θ
2)
12












+ (1− 3θ + 3θ
2)2
144
(c − a)3(d− b)3
} 1
2 √
σ(f ′′st ). (13)
Z. Liu / Computers and Mathematics with Applications 59 (2010) 2809–2814 2813
For the same fixed θ ∈ [0, 1] and (x, y) ∈ [a, c] × [b, d], we may find an absolutely continuous function f : [a, c] ×
[b, d] → R as














b+ θ d− b
2
)
(t − y)− y2
]
,













d− θ d− b
2
)
(t − y)− y2
]
,













b+ θ d− b
2
)
(t − y)− y2
]
,













d− θ d− b
2
)
(t − y)− y2
]
,
for x < s ≤ c, y < t ≤ d.
It follows that










b+ θ d− b
2
)]
, for a < s < x, b < t < y,[
s−
(





d− θ d− b
2
)]
, for a < s < x, y < t < d,[
s−
(





b+ θ d− b
2
)]
, for x < s < c, b < t < y,[
s−
(





d− θ d− b
2
)]
, for x < s < c, y < t < d.
(14)
By (9), (11), (12) and (14), it is not difficult to find that the left-hand side of the inequality (13) becomes








+ (1− θ)(1− 3θ + 3θ
2)
12












+ (1− 3θ + 3θ
2)2
144
(c − a)3(d− b)3 (15)
and the right-hand side of the inequality (13) is
R.H.S. (13) = C
{








+ (1− θ)(1− 3θ + 3θ
2)
12












+ (1− 3θ + 3θ
2)2
144
(c − a)3(d− b)3
}
. (16)
From (14)–(16), we find that C ≥ 1, proving that the coefficient constant 1 is the best possible in (4). 














































+ θ f (s, d)
]
ds


















f (s, t) ds dt
∣∣∣∣
≤ 1− 3θ + 3θ
2
12
[(c − a)(d− b)] 32√σ(f ′′st ). (17)
Proof. We set x = a+c2 and y = b+d2 in (4) to get (17).


























f (s, t) ds dt
∣∣∣∣ ≤ [(c − a)(d− b)] 3212 √σ(f ′′st )
and a sharp inequality∣∣∣∣14 (c − a)(d− b)[f (a, b)+ f (a, d)+ f (c, b)+ f (c, d)] − (d− b)
∫ c
a
f (s, b)+ f (s, d)
2
ds
− (c − a)
∫ d
b







f (s, t) ds dt
∣∣∣∣







If we take θ = 13 in (17), we recapture the sharp Simpson type inequality (1), and if we take θ = 12 in (17), we get a sharp
inequality, as∣∣∣∣∣ f (a, b+d2 )+ f ( a+c2 , b)+ f ( a+c2 , d)+ f (c, b+d2 )+ 2f ( a+c2 , b+d2 )8 + f (a, b)+ f (a, d)+ f (c, b)+ f (c, d)16
−
∫ c
a [f (s, b)+ 2f (s, b+d2 )+ f (s, d)]ds
4(c − a) −
∫ d





b f (s, t) ds dt
(c − a)(d− b)
∣∣∣∣∣





σ(f ′′st ). (18)
It is interesting to note that the smallest bound for (4) is obtained at x = a+c2 , y = b+d2 and θ = 12 . Thus the inequality (18)
is optimal.
Remark 3. If we take θ = 0 in (4), then the sharp Ostrowski type inequality (3) is recaptured. Thus Theorem 3 may be
regarded as a generalization of Theorems 1 and 2.
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